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Abstract
This article is a study, which consists of developing and validating the method of finished 
differences applied on unstationary thermal conduction with source in a square form oven, and the 
result is a partial and differential equation with a parabolic type.
ۖەۖ۔
ۓ ߲߲ܶݐ = ߙ ቆ ߲2߲ܶ2ݔ2 + ߲2߲ܶ2ݕ2ቇ+ ݂൫ݔ݅ , ݆ݕ , ݐ݌+1൯ܶ൫ݔ݅ , ݆ݕ , 0൯ = ߮൫ݔ݅ , ݆ݕ ൯ ݅, ݆ = 0,1,ǥ ,ܰ ; ݔ݅ = ݅.݄; ݆ݕ = ݆.݄ܶ൫ݔ݅ , ݆ݕ , ݐ݌൯ = ߰൫ݔ݅ , ݆ݕ , ݐ݌൯ ; ݔ݅ , ݆ݕ א ߲ሺሾ0,1ሿ2ሻ;݌ = 1,ǥ , ሾܶ/߬ሿ
The method of finished differences is used to solve these equations. The obtained scheme has been solved by the 
iterative method of: GAUSS Seidel.
©2011 Elsevier Ltd.
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1. Introduction
The existing, exact and analytic solution of the Heat can be more complicated in a series form, 
containing a proper values often obtained by numerical solution.
The analytic solution cannot also exist for so many reasons, for example: when the thermal conductivity 
varies according to temperature, or in a case of conditions based on imposed limits are not linear; when 
the coefficient of thermal transfer is related to temperature, or when it exists a thermal exchange by 
shaped radiation, by a polynomial non-linear of temperature.
If the analytic solution is impossible to get; we shall look for another way to get an approximate solution, 
even in some number of points of geometry only, the numerical methods are used for reaching this aim. 
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They are an approximate and mathematical methods used to approximate either the equations of partial 
derivative, or the integrals, and to transform them into a system of an easy-solving algebraic equations. 
This article includes a study to solve the problem of Heat, which plays an important role in works of 
conception, and for an efficient exploitation of industrial ovens. 
Nomenclature 
C  specific heat at constant pressure  
D  domain or network computing  
f  source of thermal energy, or function of x, y
h spatial step  
K iteration number  
L The length  
n  normal surface  
p  time steps 
S  Energy Source  
t  time  
T  temperature  
T¶  'temperature  
x  Cartesian coordinate  
xi Cartesian coordinate  (i = 1,2,3)
y Cartesian y coordinate  
yj  Cartesian coordinate (j = 1,2,3)
Greek symbols 
Į thermal diffusivity  
Įp  thermal diffusivity of wall  
Įi  internal thermal diffusivity  
İ precision chosen small  
ȡ density  
µ  dynamic viscosity 
ī  wall surface
ĭ , Ȍ function of x, y, t
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2. The problem of study 
The problem to be solved is the distribution of temperature in stationary regime, without source, 
and in unstationary regime with source (spatial and temporal case, and the case of spatial and temporal) in 
a square form oven with an external side L1, L2 and with an internal side L3, L4 ( see diagram 1 ) 
We call īi the internal surface of the wall and īe Le the external surface.                                             
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Figure -1 - Geometric Model 
3. Description of the different stages in solving by finished difference  
We will take into account the differential equation which rules the phenomenon of the conduction inside 
an oven (if the medium is homogenous ȡ&  and Ȁ  are constants)  
which is given as follows: ߲߲ܶݐ = ߙ ቆ߲2߲ܶݔ2 + ߲2߲ܶݕ2ቇ+ ݂ǥǥǥǥǥǥሺ3.1ሻ
with : 
          ߙ = ܭߩ .ܥ = ܿݏݐ ,      ݂ = ܵߩ .ܥ
          ߙ : Is called: "thermal diffusivity" 
In order to write down the whole process of Heat transfer, we must give the initial dividing up of the 
temperature in the medium (initial condition) and the thermal regime on the frontier (limited condition). 
We may take the different conditions into consideration on the following bounds: 
The temperature T on ī is given:  
                           T | ī = T0
Thermal flux on ī is given: 
                           ݇ = ߲ ߲ܶ݊ ቚȞ = 1ܶ
On the frontier Heat transfer ī is happening according to Newton ሾ6ሿ:
                         ܭ ߲߲ܶ݊ + ݀ሺܶ െ 0ܶሻ ȁȞ = 0
When d: Heat transfer coefficient 
To: ambient temperature of medium. 
NEWTON law expresses the event that the thermal flux through the frontier is proportional on the 
difference of the temperature on both sides of the frontier. 
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2.1 Note 
    In the case of stationary dividing up, the temperature doesn't depend on time. That is to say  ߲߲ܶݐ = 0.
Whence (3.1) we can get the equation of POISSON of the stationary dividing up of Heat. ܶ = ݂ߙ ǥǥǥǥǥǥ . (3.2)
 If there is no thermal source in the medium   f=0  the equation of POISSON (3.2) drives to the equation 
of  LAPLACE. ȟܶ = 0ǥǥǥǥ . . (3.3)
(3.3) Is the equation of stationary dividing up on the walls of the oven. 
We use the diagram of finished differences of the approximation of the order 2 in spatial and temporal 
step 0 ( h2 + ߬2 ) is absolutely stable. 
4- the problem of Heat transfer on two spatial variables: 
ሺ4.1ሻǥǥ .
ۖەۖ۔
ۓ ߲߲ܶݐ = ߙ ቆ߲2߲ܶݔ2 + ߲2߲ܶݕ2ቇ+ ݂   ݅݊ ܦ = ሺݔ, ݕ, ݐሻȁ  0 < ݔ,ݕ < 1  ,     0 < ݐ < Tܶሺݔ, ݕ, 0ሻ = ߮ሺݔ,ݕሻ             ሼሺݔ,ݕሻȁ      0 ൑ ݔ,ݕ ൑ 1          ݅݊ݐ݈݅ܽ ݋݊݀݅ݐ݅݋݊ߒሺݔ,ݕ, ݐሻ = ߖሺݔ,ݕ, ݐሻ   ሺݔ,ݕሻ א ሼሺ0, ݕሻ, ሺ1,ݕሻ, ሺݔ, 0ሻ, ሺݔ, 1ሻȁ 0 ൑ ݔ,ݕ ൑ 1ሽ 0 ൑ ݐ ൑ T

With the network Dh = {(xi, yj, tp) = (i.h, j.h, SĲ) | i, j = 0, ..., N ; p = 0, 1,..., [t / Ĳ]}
The problem (4-1) is approximated by the following scheme of differences: 
ሺ4 െ 2ሻǥǥ
ۖۖە
ۖ۔
ۖۓ ܶ݅ ,݌݆+1 െ ܶ݅ ,݌݆߬ = ݄ߙ2 ൫ܶ݅+1,݆݌+1 + ܶ݅ െ1,݆݌+1 + ܶ݅ ,݆+1݌+1 + ܶ݅ ,݆െ1݌+1 െ 4 ܶ݅ ,݌݆+1൯+ ݂൫ݔ݅ ,ݕ݆ , ݐ݌+1൯݅, ݆ = 1,ǥ ,ܰ െ 1              ;     ݌ = 0,ǥ , ൤T߬൨ െ 1ܶ݅ ,0݆ = ߮൫ݔ݅ ,ݕ݆ ൯    ; ݅, ݆ = 1,ǥ ,ܰ െ 1  ; ݔ݅ = ݅. ݄  ,ݕ݆ = ݆. ݄      ,       ݄ =    1/ܰ ܶ݅ ,݌݆ = Ȳ൫ݔ݅ ,ݕ݆ , ݐ݌൯                       ;     ൫ݔ݅ ,ݕ݆ ൯ א ߲ሺሾ0,1ሿ2ሻ    , ݌ =  1,ǥ , ሾT/߬ሿ 

Or: ߲ሺሾ0,1ሿ2ሻ the frontier of squareሼ(ݔ, ݕ)ȁ     0 ൑ ݔ,ݕ ൑ 1ሽ
This diagram of differences has mastered the approximation of the order 0ሺ߬ + ݄2ሻ is absolutely stable.  
4.1Algorithm of solving the scheme of differences (5-2): 
Putting down ݎ = ߙ߬  ݄2  the first equation of (4-2) has been rewritten as follows: ܶ݅ ,݌݆+1 െ ܶ݅ ,݌݆ = ݎ൫ܶ݅+1,݆݌+1 + ܶ݅ െ1,݆݌+1 + ܶ݅ ,݆+1݌+1 + ܶ݅ ,݆െ1݌+1 െ 4 ܶ݅ ,݌݆+1൯+ ݂൫ݔ݅ ,ݕ݆ , ݐ݌+1൯
That is to say      ܶ݅ ,݌݆+1 = 11+4ݎ ൣݎ൫ܶ݅+1,݆݌+1 + ܶ݅െ1,݆݌+1 + ܶ݅ ,݆+1݌+1 + ܶ݅ ,݆െ1݌+1 ൯൧+ ܶ݅ ,݌݆ + ߬. ݂൫ݔ݅ ,ݕ݆ , ݐ݌+1൯
Whence, we get the algorithm of iteration of Seidel following in the resolution of (4-2). 
Knowing the components  ܶ݅ ,݌݆  of the solution schemas to difference (4-2) on the level t = tp. So the 
components ܶ݅ ,݌݆+1   of the solution on the level t = tp +1 are calculated as follows: 
The initial iteration: ൝ ܶ݅ ,݌݆+1ሺ0ሻ = ܶ݅ ,݌݆      ;    1 ൑ ݅, ݆ ൑ ܰ െ 1ܶ݅ ,݌݆+1ሺ0ሻ = Ȳ൫ݔ݅ ,ݕ݆ , ݐ݌+1൯    ; ൫ݔ݅ ,ݕ݆ ൯ א ߲ሺሾ0,1ሿ2ሻ
The iteration (k +1)is defined according to the iteration k on the following way:  
4.3). . ۖەۖ۔
ۓܶ݅ ,݌݆+1(݇+1) = 11 + 4ݎ ൣݎ൫ܶ݅െ1,݆݌+1(݇+1)+ܶ݅ ,݆െ1݌+1(݇+1) + ܶ݅+1,݆݌+1(݇) + ܶ݅ ,݆+1݌+1(݇)൯൧+ ܶ݅ ,݌݆ + ߬.݂൫ݔ݅ ,ݕ݆ , ݐ݌+1൯ሺ݅, ݆ሻ     ׷      1 ൑ ݅, ݆ ൑ ܰ െ 1ܶ݅ ,݌݆+1ሺ݇+1ሻ = ܶ݅ ,݌݆+1ሺ0ሻ    ,   ൫ݔ݅ ,ݕ݆ ൯ א ߲ሺሾ0,1ሿ2ሻ                                                                                          
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The convergence of the algorithm of iteration (4-3) has been mastered easily by the diagonal dominance 
of the matrix of the coefficients of linear algebraic system defined by the schemas to difference (4-2) 
In order to program the iteration (4-3) we use two tables U, V with the dimension (N+1, N+1)
Table U stores the components  ܶ݅ ,݌݆    ;  i, j = 0, ..., N
Table V stores the components   ܶ݅ ,݌݆+1       ;   i, j = 0, ..., N
Initial iteration: ቊ ܶ݅ ,݆Ԣ =  Ȳ൫ݔ݅ ,ݕ݆ , ݐ݌+1൯                         ;  ׊൫ݔ݅ ,ݕ݆ ൯ א ߲ሺሾ0,1ሿ2ሻܶ݅ ,݆Ԣ = ܶ݅ ,݆   ;  ׊ሺ݅, ݆ሻ: 1 ൑ ݅, ݆ ൑ ܰ െ 1                                         
In order to move from one iteration into another, we perform the calculation of ܶ݅ ,݆Ԣ  for all the internal 
nodes ( i , j ):ቐܶ݅ ,݆Ԣ = 11+4ݎ ൣݎ൫ܶ݅ െ1,݆Ԣ + ܶ݅ +1,݆Ԣ + ܶ݅ ,݆െ1Ԣ + ܶ݅ ,݆+1Ԣ ൯൧+ ܶ݅ ,݆ + ߬. ݂൫ݔ݅ ,ݕ݆ , ݐ݌+1൯׊ሺ݅, ݆ሻ: 1 ൑ ݅, ݆ ൑ ܰ െ 1 
Then, we test the condition: the norm of residue does not exceed the given precision İ:
ሺ4.4ሻǥ . . ۖەۖ۔
ۓቤ൫ܶ݅ െ1,݆Ԣ + ܶ݅ +1,݆Ԣ + ܶ݅ ,݆െ1Ԣ + ܶ݅ ,݆+1Ԣ െ 4ܶ݅ ,݆Ԣ ൯+ ݂൫ݔ݅ ,ݕ݆ , ݐ݌+1൯ െ ܶ݅ ,݆Ԣ െ ܶ݅ ,݆߬ ቤ ൑ ߝ
׊ሺ݅, ݆ሻ: 1 ൑ ݅, ݆ ൑ ܰ െ 1 
The iteration ends if (4-4) is verified. 
Remark:
To reduce the time of the calculation, we should not check (4-4) after every iteration; but after a fixed 
number k of iterations. 
This problem is intended to study simultaneously the evolution of the temperature inside the oven and on 
the walls, along with the different diffusivities ߙ = ߙ݌  on the walls and ߙ = ߙ݅    inside the oven   ݂ = ݌݂ = 0  on the walls. 
5. Results and discussions
Data:  
L1 = 1, L2 = 1, L3 = 0.4, L4  Ĳ ǻ[ ǻ\ Di = 0.1, ap= 0.1  
f (xi, yj, tp +1) = Sin (xi). Sin (yj). exp (-tp +1 / 2)
T (xi, yj, 0) = 1  
             
 (a)                                                 (b)                                                (c) 
Pic 5-1: winding of Isothermals  (a) for p =1 , (b) for p= 10  , (c) for p = 15 
According to the conditions of  imposed limits, the distribution of Isothermal lines gives a physically 
clear justification of these conditions. 
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Concerning the nodes of the frontier where the temperature is imposed non nil, or when it varies 
according to x,y,  it represents a source of Heat which spreads inside the oven. This exchange of Heat 
varies from one region into another according to the conditions of imposed limits. 
This variation is justified by the distance between the lines of Isothermals, when these lines are too close 
to the cold area; the distance among them is weak implying a gradient of temperature, and an important 
flux of Heat. Nevertheless, when the Isothermal lines are too far from the cold area, we note that the 
distance between them is big, which shows a gradient of weak temperature starting up an exchange of 
weak Heat. 
Pictures (5-1) represent the variation of temperatures (the windings of the Isothermals) according to x,y, t
for three different conditions based on the limits of  (p=1,p=10, p=15).
Regarding the windings, we notice: 
If p increases     the temperature increases, that is to say that the speed of spreading of Heat increases. 
6. Conclusion 
The obtained numerical results are in conformity with the physical phenomena of the problem. 
Numerical results prove the stability of the convergence of schemes of differences, and the elaborated 
algebraic calculation. 
The schemes of differences and the algorithm of resolution stated in this article are applicable to fields of 
any geometric configuration with light modifications.  
We may develop and generalize the problem tackled in this article to a problem of control wherein we 
must select the parameter of control (the thermal source) to get the desired thermal regime T. It seems to 
be a current problem in works of conception and exploiting industrial ovens. 
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